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Abstract 

In this paper, we'll prove a L 2 -concentration result of Zakharov system in space dimension 
two, with radial initial data (uo,n ,ni) e H s x I? x H^ 1 (y| < s < 1), when blow up of the 
solution happens by /-method. In additional to that we find a blow up character of this system. 
Furthermore, we improve the global existence result of Bourgain's to above spaces. 

Keywords: Zakharov system in space dimension two; L 2 -concentration; blow up; global ex- 
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1 Introduction 

In this paper, we consider the following Zakharov system in space dimension two: 

iut + Au = nu, 

On = d u n - An = A|u| 2 , (1.1) 
u(0,x) = Uo(x), n(0,x) = n (x), n t (0,x) = ni(x), 

where A is the Laplacian operator in R 2 , u : [0, T) x M 2 — > C, n : [0, T)xR 2 ^ M, and uq, uq, ri\ are 
the initial data. We consider the Hamiltonian case, that is, we assume that there is a wq : M 2 — > M. 
such that nt(0) =n\ = —Awo. Then for any t, there is a w(t) such that n t (t) = —Aw(t) = —V-v(t), 
where v (t) = Vw(t). In this case, (jl.ip can be written in the form 

iut + Au = nu, 
n t = -V • v, 
vt = — Vn — V|u 
k u(0,x) = u (x), n(0,x) = n (x), v(0,x) = v (x), 



2 (1-2) 



The Zakharov system was introduced in [18] to describe the long wave Langmuir turbulence in 
a plasma. The function u represents the slowly varying envelope of the rapidly oscillating electric 
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field, and the function n denotes the deviation of the ion density from its mean value. We usually 
place the initial data uo G H k , the initial position tiq E W and the initial velocity n\ G H 1 ^ 1 for 
some real k, I. 

It is well-known that the Schrodinger equation is invariant under the dilation transformation 

u(t, x) — > u\(t, x) = Xu(X 2 t, Ax), 

while the wave equation is invariant with the following transformation 

n(t, x) — ► n\(t, x) = Xn(Xt, Ax). 

However, the Zakharov system doesn't have a true scale invariance because the two relevant dilation 
transformations are incompatible. Nevertheless the critical regularity is (k, I) = (—^,0). 

For the local existence theory about this system. From [11], one can see that when d = 2, 
the Cauchy problem (jl.ip with (uo,rio,ni) E H k x W x H 1 ^ 1 is local well posed if I ^ and 
2k — (I + 1) ^ 0. Therefore the lowest allowed values of (k,l) is (^,0). 

On the other hand, if we replace □ in (jl.ip by O c = c~ 2 du — A, i.e. introducing explicitly 
the ion sound velocity, then considering the limit c — > oo, the system (jl.ip reduces formally to the 
nonlinear Schrodinger equation 

iut + An = — \u\ 2 u, (1-3) 

which is just the L 2 -critical focusing case for d = 2. 

As for this Schrodinger equation, the results in [p3], [T?j and so on for s = 1, and [S], |lL)j . for 
1 > s > tell us that there is some L 2 -concentration phenomenon for finite time blow up 

solutions, i.e. 

limsup sup / \u(t)\ 2 ^ \\Qf L 2. 

t]T* Bel 2 JB 

R(B) sC (T* -t)S" 

Here, Q is the ground state for Schrodinger equation, that is, the unique positive solution (up to 
translations) of 

AQ - Q + \Q\ 2 Q = 0. (1.4) 

In [2], [15] and [16] the convergence of the solutions of the c dependent Zakharov system to those 
of NLS equation when c — > oo was studied, which implies that the L 2 -concentration phenomenon 
like L 2 -critical focusing Schrodinger equations may also happen. Glangetas and Merle in [12] proved 
this phenomenon for (k, I) = (1, 0) which is the energy case. 

We are interested here in the L 2 -concentration phenomenon for s < 1 when blow up occurs of 
Zakharov system as well. What we want to show is for some < k < 1 this phenomenon also holds 
true: 
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Theorem 1.1. For (uQ,no,ni) G H s x L? x radial, j= < s < 1, if (u,n) is a blow-up solution 

to equation i.e. T* < oo is its maximum existing time, then there is a constant m n > 

depending on the initial data such that the following properties are true: Vi? > ; 

limsup||u(t,x)|| L a ( | ai | 4R j ^ \\Q\\u>, (1-5) 

and 

limsupHn^^lliida-i^ ^ m n . (1.6) 

Remark 1.2. We can't remove the radial requirement because of the endpoint Strichartz estimate 
for Schrddinger equation we needed. 

As a quick result of the above theorem, and by the conservation of L 2 -norm of u, one has: 

Corollary 1.3. For (uo,no,ni) £ H s x L 2 x H -1 , radial, j| < s < 1, 2/||«o||l 2 < IIQIIl 2 ; then the 
corresponding solution to is global, i.e. T* = oo. 

In fact, the global well posedness for k = I + 1 ^ 3 and small data is considered in [1]. Then 
Bourgain [3] [4] introduced a new method to study the Cauchy problem for nonlinear dispersive 
evolution equation, and applied it in [5] to prove well posedness (both local and global) for finite 
energy solutions namely for k = I + 1 = 1 (also with small initial data). Therefore, the above result 
is a improvement of the former result. 

Now, let's briefly state about the proofs to Theorem II .li 

As we consider the Hamiltonian case, there are two conservations: mass and energy (if exists). 
Vi G [0,T*), 

/ \u(t, x)\ 2 dx = / \uo(x)\ 2 dx, (1-7) 

H(t) = H{u(t),n(t),v(t)) = H(u , n , vq) = H , (1.8) 

where 

r ii 

H{u, n, v) = / \Vu(t,x)\ 2 + n(t,x)\u(t,x)\ 2 + -n 2 {t,x) + -\v(t,x)\ 2 dx (1.9) 

and v has been defined before. 

First, we split n into its positive and negative frequency parts according to 

n± = n±iA~ 1 d t n, (1.10) 

where A = y 7 — A. Thus n = n ++ n - ; n+ = n _ ; anc l equation (11. ip equals to 

iut = — Au H — ^2 — u 

(i^t T A)n ± = TA _1 nn = ±A|u| 2 (1.11) 
n(0) = Uq, n-t(0) = n-to = no ± zA _1 ni. 
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It is obvious that (uo,n±o) E H s x L 2 by the regularity of uq, uq and n\. 
Then the expression of energy (or Hamiltonian) above is 

H(t) = H(u,n+)(t) = ||V«||ia + ^||n + ||^, + i j \n+ + n + )\u\ 2 dx . (1.12) 

The purpose of us is to imitate the H 1 argument with the energy. But the energy is infinite in 
the H s x L 2 -setting, thus we applying a smoothing operator to make u and n± in H 1 x H and 
define the usual energy of this new object. However, the energy is not conserved any more, so the 
crucial point here is to estimate the growth of the modified total energy. The main difficult of this 
step is the low regularity of n+. In the other hand the wave equation doesn't possess Strichartz 
estimates [9] as good as Schrodinger, and we need some endpoint Strichartz estimates, which leads 
to the requirement of radial condition. 

During the proof, we find a character of finite time blow up of Zakharov system, i.e. when t — ► 
T* < oo, 1 1 .Tuft) 1 1 jji would go to infinite and liminf^T* II-^m-WIIh 1 - 8 > 0- I n f ac t) from the local 
existence theory, we can get + ||n + ||x2 ^ oo as t ^ T* , so \\Iu(t)\\ H i + \\In + (t)\\ H i~s — > oo. 

Then we prove this character by another view of the local existence result and the particular form 
of the system, that the nonlinear term of the second equation is independent on n + . 

In Section 2, we'll give some notations, norms and estimates. Then in Section 3, the local 
existence theory will be studied while in Section 4, we'll estimate the change of the modified energy 
which is the main part of the paper. In Section 5, the proof for Theorem II .11 is given. 



2 Notations, Norms and Estimates 

A < B means there is a universal constant c > 0, such that A ^ cB, and A ~ B when both A < B 
and B < A. 

<£>= (l + |Cl 2 )i 

c+ means c + e while c— means c — e, for some e > small enough. 
For given N » 1, define smoothing operators In : 

W(0 = m N (0f(0, (2-1) 

where 

"■»«> = { K \»3N, (2 ' 2 > 

and mjv(^) is smoothing, radial, nonnegative, and monotone in |£|. We drop N from the notation 
for short when there is no confusion. 
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By computation, we have 

\\f\\ x ^ < ||//||^o+i-.,6o < ^ 1_S ||/ll xS -o,«.o (2-3) 

<p,I if, I if, I 

for any sq ^ 0, bo £ R. Here, we used the X™f -space which is defined as follows: for an equation 
of the form ift — (p(—tV)f = 0, where <p is a measurable function, let X™' b be the completion of 
5(RxM 2 ) with respect to 

H/ll^.5: = \\<a> m <T> b f(e- u ^-^f(t,x))\\ L 2 

= ||<£> m <T + ^(x)> b /(T,£)|| L2 (2.4) 

We denote Fourier transform w.r.t both x and t by ~, while only w.r.t x or i by 

For a given time interval I, we define ||/|| x m,6 = inf g | J= y H^H^m.i, and also omit I if there is no 
confusion. 

For cp(£) = ±|£|, we use the notation X±' b , while for cp(£) = — 1£| 2 simply X m,fc . 
Now, we are listing some well-known estimates for these norms. 

1. If u is a solution of iut — (p(—id x )u = with u(0)=f and ip is a cut off function in C^°(R) 
with supptp C (-2, 2), ip = 1 on [-1, 1], ^(t) = ^(-t), ^(t) > 0, rp s (t) := V(f ), < 8 < 1, we have 
for b > 0, 

II V^l^ll m i b 

^ c||/||ffm. (2.5) 

If v is a solution of problem ivt — ip(—id x )v = F, v(0) = 0, we have for b' + 1 ^ b ^ ^ 6' > — 4 

HtMIr™.* < c5 1+b '- b ||F|l m , b .. (2.6) 

The proofs for these two estimates could be found in 

2. For \ > b > b' ^ 0, < S ^ 1, m 6 R 

rb-b 



Usf\\ Ym ,y <c5 b - b \\f\\ x ^ b . (2.7) 



3. Strichartz estimates. 



For - = 1— -,q^2 and u is radial, 



u h?Lr < c||n|| x0i i + , (2i 



and 

for I = 1 - I and g > 2, 



<c[|u[| „ i + . (2.9) 



4. From [6], one has for \&\ ~ N i} i = 1, 2, N x N 2 , 



5. For si ^ S2 

and 

for b\ b 2 



Ni i 

l«i«2||jy"(MxR3) < c{—)2\\u 1 \\ x0< i + \\u 2 \\ x0t i + . (2.10) 



^,6 < c||/|| x » 2li) , (2.11) 



k m K4f\\ x *M- (2-12) 



Finally, we give the sharp Gagliardo-Nirenberg inequality for R 2 , which could been found in 

HZ]. 



i„ „a . Ik" 2 



.yAU^h^&lWll^ forueH 1 , andu^O. (2.13) 

Z WW £,2 

3 Local Existence Theory 

The existence and uniqueness for system (jl.lip holds by the results of [11] for (no, n±o) G H s x L 2 , 

If we apply operator / to the system (jl.llj) . we have 

idt(Iu) + AIu = \l{{n + + nJ)u) 

(id t T A)/n ± = ±A/(|u| 2 ) (3.1) 
lu(0) = Iuq, ln±(0) = In±Q. 

Proposition 3.1. Assume (no, n±o) S H s xL 2 , and 1 > s ^ \. Then there exists a positive number 
5 = min{( ||j n+0 j| — - — ) 2+17< S ( c ^~JT^^~^) 2+17e } ' w ^h that e > is a small enough parameter, such 
that system $3.1\) has a unique local solution (Iu, In±) in the time interval [0,5] with the property: 

\\ I u\\ xl ,i+ <\\Iu \\ H i, ||Jn±||^ 1 _ 4>ii+ < Hln+olltfi— (3.2) 

Proof. Let 

E = {(Iu,In±)\\\Iu\\ . i + < ||/«o||hi, \\In±\\ is i+ < Uln+ollji-.}, 

A ^ X ± i 

and (So, Si, Si) defined on E as 

S (Iu) = iP ie UA Iu - U x f e^- s ^^ s I{{n + + n_)u)ds, 

2 Jo 

Sx(In±) = iPie TitA In±oTiipi [ e T ^- s)A 7p s AI(\u\ 2 )ds, 

Jo 



6 



where ipi and ips are defined before for < 5 ^ 1. 

Then, taking b' = -±+ and 6 = \+ in ([23]) and (j2Uj) . it exists 

||S r o(J«)|| Jfl)i+ < c\\Iu \\ m + c||J((n+ + n_)«)|| xl ,_ i+J (3.3) 

and 

\\Si(In ± )\\^ h+ < c||/n ±0 ||Hi- +c||A/(|u| 2 )|| (3.4) 



A'. 



± 



Next, we use Lemma 3.4 of [H] and [7] to get 



\I{{n + + n-)u)\\ x ^_ h+ ^c8-^\\In±\\ xl _ S:h+ \\Iu\\ xl r + . (3.5) 



We also use Lemma 3.5 of [TT] and [7] to get 



||A/(|un|| jrl _ i _ i+ <o«>-*||/u||^ li4+ . (3.6) 

Combining these estimates together and because n + = n_ , there exists 

\\So{Iu)\\ xlt i + s$ c[|J«o||hi +C(52- 4£ ||/n + ||^ 1 _ Si i + ||/u|| xli i + , (3.7) 

and 

\\Si(In ± )\\ x ^ + < c\\In ±0 \\ m -s + c<55- 4t ||/n||^ i+ . (3.8) 

Letting 5 ~ min{( || 7 „. +0 J h1 _ s + ) 2+1?£ , ( "'p^^ ) 2+17e }, such that ^- 4 lln +0 ||^ s < 1 and 
<5" 4<E ||7uo||^i < ||/n+o||fl'i-»j then we have 

(S (Iu),Si{In±))€E, (3.9) 

hence (So, Si, Si) : E — > E. 

One can prove (So, Si, Si) is a contraction map with the same method. Thus by the standard 
fixed point theory, we get the local existence of (|3.ip . And the uniqueness follows in the same 
way. □ 

Proposition 3.2. Assume (uo,n±o) £ H s x L 2 , with 1 > s ^ \, then there exists a positive number 
$ = M 'i%\ 7 t , with M = (|| no || h s + ||^±o||l 2 )> such that system il.ll]) has a unique local solution in 
the time interval [0, 5] with the property: 

H xS ,i + + ||n±||^i + <M. (3.10) 
Remark 3.3. The proof is almost the same as Proposition \3.1\ except some small changes. 
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Proof. Let E = {(u,n±)\ \\u\\ s 1, + ||n±|| i + < M} and also define (So, Si, Si) as 



o 



where and ^ are defined as before. 
Then, like Proposition 13,11 we have 



-i 



So(u)\\ xa ^+ ^ c||«o||h» + c5* 4e ||n + || 0> i + |M| xS) i +) (3.11) 



and 

-4ei|„.||2 



~ i 



||Si(n ± )||^i + < c\\n ± o\\ L 2+c52-^\\uf xa>h+ . (3.12) 
Thus we just need to take 5 = jrSrm > then the result of the proposition follows. □ 

From the above Proposition we can see that, 

Corollary 3.4. If (u(t),n±(t)) is a finite time blow up solution in H s x I? , ^ ^ s < 1, with the 
initial data as above, then \\u(t)\\H a + H n ±(^)||,L 2 — * °°; as t ^ T* where [0, T*) is the maximum 
life span, which is also equivalent to \\u(t)\\H s + II^+WHl 2 — * 00 as t ^ T* because of n + = n_. 

Corollary 3.5. If (u(t),n±(t)) is a finite time blow up solution in H s x I? , | ^ s < 1, then 

\\Iu(t)\\ H i -» oo, ast^T*, (3.13) 

and 

limirif \\In+(t)\\ H i- s > 0, (3.14) 
i.e. there is a c> s-uc/i t/iai ||in + (i)||^i- s ^ c. 

Proof. As > and ||Jn + ||^-i-s > ||n + || L 2, by Corollary 13.41 we have 

+ — > oo, as t — > T*, /or fixed N >> 1. (3.15) 

On the other hand, from the proof of Proposition 13.11 one can find that if replacing if)% with 
V>t*, the estimates also hold. Thus, for T < T* , 

< cHJti+oII ji— + cT2- Ae ||J u ||^ i i + , (3.16) 

and 

\\Iu\\ xlth+ ^ c\\Iu \\m + cT^\\In+\\ ^_ sA+ \\Iu\\ YlM . (3.17) 



Hence, if 1 1 Jit oo, as t — > T*, i.e. II-ZmH^oo^t*),// 1 ^ A for some A < oo, then it has 

\\In+\\m-s Z ll^+IL i- s i+ ^ ll^+olbi-= +r^" 4e ||/u|| 2 i + 

< ^-HfHoll^ +T^- 4e ||In||i oo([0iT , )iHl) 

< iV 1 -||n + o|| L2 +r*5- 4e A 2 <o 0j (3.18) 
for fixed N » 1, by Proposition 13. 11 (|3.16p and T* < oo, which contradicts to f)3. 15|) . This proves 

Next, if liminfj^r* || Jn+(t)||^a-« = 0, then there would be a subsequence {i n } ; t n — ► T* as 
n — ► oo, such that lirn n _ >00 || Jn+(t n )||jj-i- s = 0, so from (|3.17p we have, 

ll-^n)H x i,i + < c\\Iu \\ H i +ctj- 4€ \\ln + (t n )\\ i + \\lu(t n )\\ xl i + 

^ cN l - s \\u \\ H s + cT*^- ie \[In + (Q\\ m - 3 \\Iu(t n )\\ xl i + , 

for some t n , which satisfies \t n — t n \ < 5 by the local existence theory Proposition 13.11 Hence, since 
T* < oo, for n — > oo, 

||Mtn)H xl ,i + ^^-HuoIIh*. (3-19) 

flingD gives 

||iu(i n )||#i < c < oo, 
for fixed JV >> 1, which contradicts to (|3.13p . 

□ 

4 Estimates for the Modified Energy 

In this section we'll get the exact control of the increment of the modified energy. 

As the modified energy is H(t) = H(Iu, In + ) = \\S7Iu\\ 2 L2 + ^11^+11^2 + \ J I(n+ + n+)\Iu\ 2 dx, 
and it is not conserved any more, we have to control its growth. The following is the main propo- 
sition of the paper: 

Proposition 4.1. Let (Iu,In±) be a solution of \3.1\) on [0,5] in the sense of Proposition HOI 
Then the following estimate holds (N » 1): 

\H(5) - H(0)\ < cN- 2 + s +5°^In + \\ ijlu\\* + ciV- 2 + s +||/n+|| 2 ^ t \\Iuf » (4.1) 
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Proof. 

' ///(/) 2Re J V7uVIutdx + Re J Tn + In +t + ^ j {(In + ) t + (In^) t )\Iu\ 2 + Re j {In + + In-)~lulu t 

= —Im j AIu(I((n + + n_)it) — (Jn+ + In-)Iu) 



dt 



+—Im j I((n+ + n_)n)(/((n + + n_)u) — + ire_)iu) 



-Im j In + A(I(\u\ 2 ) - \Iu\ 2 ). 



Integrate by t on [0,5), it has 



H(5)-H(0)\^ \f [ AIu{I{(n + +n-)u)-(In + + In^)Iu)dxdt\ 
Jo Jr 2 







/((n+ + n_)u)(/((n+ + n_)u) — (in+ + In)Iu)dxdt\ 



+ | / / /n+A(I(|u| 2 ) - |/u| 2 )cfe(ft| 
Jo Jm. 2 

I + 11 + III. (4.2) 



To prove Proposition 14.11 we have to control /, II and III in (14. 2p respectively. 
First for /, it has, 

Lemma 4.2. I < (N- 2+s+ 5 0+ + N-^ +s+2e 5i-)\\In + \\ ,_ 3+ , i + ||Iu|| 2 1 , . 



Proof. As 



I = | f j AIu(I((n + + n^)u) - (In+ + In-)Iu)dxdt\ 
Jo Jm. 2 

./* "1(6)^(6) 

here * denotes integration over the set d = 0} ( or {Yli=i & = 0})- 

We break the function u and n+ into a sum of dyadic constituents, each with frequency support 
< & >~ 2-7) j = 0, • • • and denote = PnJu, n + i = PN i In + . 

In the following, let's note mi = m(&), |&| = Ni, N max = maxi^ 3 N (or N max = maxi^ 4 Ni). 
Remark also that w.l.o.g. u\, n + 2, u$ ^ 0. 

As if both N 2 and N 3 << N , then m 2 = m 3 = 1 such that m ^ 2+ ^~^ 2 " 13 = 0, the left hand 
side of the inequality becomes 0, which is trivial. 
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Inclusively, we just need to prove 



I:=N i \ «m +2 «3<iV + + 5 + \\In + \\ ,_ s i + \\Iu i , (4.3) 

with the assumption that at least one of iV 2 and iV 3 > N. 
Case 1. N max ~ iV 2 ~ iV 3 > JV 

In this case, ™(fe+S>)-™2m 3 < _m^_ < _^ ^ < (^n 2 ^), by E, 3 1 6 = and the 

definition of m. 

a. iVi s$ JV|. 
It exists, 

/' < «?(^)*-'>|K J ||^|| Ul « 3 || i ,, 

< iVf(§)*-«»ri-|| n+2 || jf „, 5+ (|)i||« 1 || x , i+ ||»3|l ;f0 , i + 

< iV- x .iV-f + s+2 ^i- ||/n + 1| i + ||/n|| 2 , (4.4) 

by the definition of X™' b -space, (I2J0D and (p44|) . 

b. iV 2 ~ iVi ~ iV 3 

We have to take the fourier transform of t into account in this case, and w.l.o.g u\, n +2 , ^3 > 0. 



I' < Nl (^) 2(1 " s) ^ fiiCrOn+aC^fiaCTB)!^^)!^, (4.5) 

here ** denotes integration over Xa=i f* = Z] 3 =o r * = 0> anc ^ * s ^ e characteristic function of 
the time interval [0,5]. 

It is known that d>(r) = —3= e ■ ~ 1 £ Li + but not in Li. 

To deal with this case, we need the following algebraic inequality. 

161 << n + |6| 2 >^ + < r 2 + |6| >5 + < r 3 + |£ 3 | 2 >^ +|r |5, (4.6) 

and consider every 4 cases according to which terms on the r.h.s is dominant. 
Subcase 1. < n + |£i| 2 > 5 dominant. 
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p < 


,N 2 






^ N 


< 


,N 2 




^ N 


< 


( N 2 




N 


< 


,N 2 




^ N 


< 


,N 2 




^ N 



< n + Ifil* >2+ l^l 1 uxh^u^ 



Nl-\\ Ul \\ xQM \\T-\^\)n + u z \\ Llx 

^hill^i+ll^d^DII^-II^IUooii 

tU° + INIL U + ||n +2 || - 4+ JvJ 



1 1 



x^ 



Nj\\In, 



2 



< N^N-^+llIn+l^JIuf^, 



by Holder inequality, Berstein inequality, (|2.8p . (|2.9p . and Hausdorff- Young, which gives 

H^d^nLco- < ii<£iu+ <5 0+ . 

Subcase 2. < r 2 + |£ 2 | >^ dominant 



< 



< 



< 



< 



^) 2il - s) Nl- J < t 2 + |6| |0(ro)|«i(n)fi +2 (r 2 )«3(r3)^r 



^) 2 ( 1 ^)iV 1 1 -||n +2 ||^x + ||^ 1 (| ( A|)n lU 3||^ 

iV2 

TV 



3-||u 1 u 3 || L 2+ 



*) 2(1 -*"v;-^7ll»«IL,-, 4+ 4 ° + ^^^ 



2V 

iV2 



No 



.IHv. 



< iY m I,iV- 2+s 5 0+ ||/n + || .i + ||I«|L i 



i i 
x 1 ^ 



for the same reason as subcase 1. 

Subcase 3. < r 3 + |£| 2 >2 dominant. 
Almost the same as subcase 1. 
subcase 4. |to| 5 dominant. 



< 



,iV 2 , 



^ (^) 2(1 '^lllfiillL^+IIH 5 !^*^*^!!^- 
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The first factor is estimated as follows by Holder w.r.t. t%: 

\\ui\\ L 2 L i+ = ||«i <n + |6| 2 >^ + <T! + |6| 2 >-^~ || Lf L i+ 

SI 1 61 1 

< ||«l <n + |6| 2 >^ + \\ L 2 L 2 || <n + |6| 2 > 



2(1+0 



since (— | — e)-yr^ < — 1 which ensure the integrable condition at infinite for ri. 
The second factor is bounded by Young'inequality by 



*n+2*u 3 \\ L 2 L i- < |||r|2|0||| L 2+ e ||{t3 *n +2 || L 2 L 2- 2e 



< 5 +||n 3 || i i i 2-2 £ ||n +2 || L2Ll , (4.12) 



here we use the bound |||r|a |<^||| L 2+e < 5 0+ . 
Because 

L i L 2-2 £ < iV 3 f ||« 3 < 6 >< 7-3 + I&I 2 >^ + < 6 > _1 "5< T 3 + I6I 2 >~^~ IIl|L?- 2e 

< nI\\u 3 <& ><r 3 + ie 3 | 2 Hl|l2|| <& >~ 1 "5<r 3 + ie 3 | 2 > - ^- 1 



2(1-0 



< ^|ll"3|l x o,i + <A r r 1 |k3ll xl ,i + , (4.13) 

by ^r^{-\ - e) < -1 and 2(-l - § ) + 1< -1. 
And 

II"+2|L|li = ||n +2 < r 2 + |6l >^ + < T2 + |6l >~^~ IIl2 L i 

< \\n+ 2 <t 2 + |6I Ilii^H < r 2 + |6I >~^~ Ik- if 
^ lln-j-oll „ i , < — j — 1 1 Ti_i_2 1 1 , i , , (4.14) 



(HUD < Nj X^-^HubII lii+ ||n+ a || X _ a ,i +J (4.15) 



since 2(— ^ — e) < —1. 
Hence, 

then with (|4.1ip . it has 

< (^)^ S ^3^ ^p5° + ll^ + ll xr , i+ ll^ll^i + < ^^ 2+S+ ^° + ll^ + ll xr , i+ ll^ll^,i + . 

(4.16) 
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c. 7VJ <; Nx ^ iV 3 ~ N 2 . 

Deal with this situation like case b, hence, 

for sub easel, 

V < f^2(i-s)J 1 L/v^A +||7t7^|| , ||/ w || 2 , 

~ N NZN*- S N 3 3 \\ ln +\\ x i-s^+\\ i n xl ,i + 

< Ar-iAr- 2+ ^3-V3-^ 0+ ||/n + || xl _ s ,x + ||/n||^, + 

< N m l x N- 2+s ^N- e -H 0+ \\In + \\ xl _^ + \\Iu\\ 2 x ^ + 

< 7V-iiV- 2 +^||7n + || xl _ s ,i + ||7«||^, + . 

And the other three subcases could be dealt with in the same way. 

Case 2 N max ^N 2 ^N X >N. 

a Ni ~ iV 2 ~ AT 3 . 

This case is the same as Case lb. 

b N\ ~ iV 2 >> ^3 > 

Then | m(6+6)-m 2 m 3 | < mfe+fo) < _m2_ = JL < (^)i-*, and with the same assumption and 
argument as Case lb gives 

^ < (^"^l J Ul(Tl)n + 2(T 2 )u 3 (T 3 )\<P(ToMdT. (4.17) 

We also divide this case into 4 subcases as before. 

As the main part is almost the same, we only show some difference in the follow. 
Subcase 1 < t\ + |£i| 2 >5 dominant. 



< (^) 1 -^M|n 1 || x0 ,, + ||n +2 ^- 1 (|<Al)ll^ 

< N m ! x N- 2+s 5 0+ \\In + \\ ^ijlut + . (4.18) 

A , A ^ 



Subcase 2 < r 2 + |£ 2 | > 2 dominant. 
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< JV,74jV- 2 +»i»+||/n + || ,_.. J+ ||/«|| 2 J+ . 

X + * A 2 

Subcase 3 < T3 + |^| 2 >a dominant. 



r < (^)i-»J_ (5 o+_J -A^H/n+ll , s i + ||/u|| 2 x 

< ^^ 2+s 5 0+ ||/n + || i + ||/n|| 2 , + . 

A 1 A 2 



Subcase 4 |t | 2 dominant. 



r s (f ) 1 -^ ! - 1 ^° + ll/» + ll 4 -., J+ llHI^,. t 

< iV-^JV- 2+ '+'«« + ||/n + |L ,_, i + ||/»|| 2 v , , + . 
c N x ~ N 2 >N » iV 3 . 

| mte+fo)-m 2 m 3 | „ | m(ft+fe)-m 2 , < , Vrr^j < |^| w j d j ^ it ■ ± subcaseg . 
1 rri2m3 1 1 7713 1 ~ 1 t*2 1 ~ 1 JV2 1 

Subcase 1 < |ti + |£i| 2 >2 dominant. 

AT Q 1 e 1 1 _e 

(4.19) 

by Holder inequality, Berstein inequality, (12. 8j) . (12. 9j) and (14. 8j) . 
Subcase 2 < r 2 + |^| >^ dominant. 



No 1 1 s. 1 -1 

/' < ^^^T^^^ll^ll^, < iV^^ 2+ ^ 0+ l|/n + || xrs ,, + ||/n|| xl ,, + , 

(4.20) 

also by Holder inequality, Berstein inequality, (|2.8|) . (|2.9[) and 
Subcase 3 < T3 + |^| 2 >a dominant. 
The same as subcase 1. 
Subcase 4 |tq|2 dominant. 
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By Holder inequality, (|4.11j) and (|4.15p . we have 

r - 1 ^|v^ 50+l|/n+ll xr^ +l|/u|1 ^^ ~ ^- 2+ ^ 0+ ii^ + ii xr ^ + ii^ii^,^- 

(4.21) 

Case 3 N rnax ~ iV 3 ~ N x > N. 
a N 3 ~ Ni ~ iV 3 . 
The same as Case lb. 
b iV 3 ~ iVi >> N 2 > N. 

I "t(g 2 +g3)-m2m3 I < r»(g 2 +g3) < m 3 _ J_ < /JVg 
I m 2 rrt3 I ~ m 2 m3 ~ rajmj m2 ~ V JV ' 

Argue as before, we have: 



1 ~ ^ AT > Ure »rl-« w_ iV 3 + Are Ar l-s W . iV l + iV 3 A7 -l-J 



< ^liV-^+^+ll/n+II^.^JIInll^^. 
c iV 3 ~ iVi > N » N 2 . 

Then I m (£ 2+ € 3 )~ m2Tn3 1 ^ | m(g 2 +g3)-r» 3 . < i Vm 3 g 2 1 < ^ j 

I m.37712 ' ' m,3 I ~ I m,3 I ~ N3 ' 



< w^iiv- 2 +'+«»+ii/ n+ ii 1 .., 4+ ii/«ii s ,.i + - 

Taking all the above estimates into account, the result of Lemma I4T21 holds. 

□ 

Now, let's deal with II. 
Lemma 4.3. 

II<N- 2 +^In + \\\_^JIuf xh i + . (4.22) 
x + 

Proof. Like part /, to prove the estimate for II, we just need to prove 

II ■= / n + iu 2 n +3 U4 < N \\In\\ , Ju , , 

(4.23) 

with the same notations and assumptions in Lemma 14.21 
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One can also easy to see that if both N$ and N4 « N, l.h.s would be zero, which is trivial, so 
we can suppose at least one of N3 and N^> N. 

Case 1 N max ~N 3 ~N 4 >N. 

Q Q I m(g3+g4)-m 3 m4 , < i m(g 3 +g 4 ) | < 1 ^ 1 < / N3 )2(l-s) 

a Ni, N 2 « N. 

In this case, | m ff 1+6) | ~ 1, and 



n' < (^) 2(1 - s) ll- + i- 2 lb 



< 



< 



N , i.-rx-JxajF+S^IlL?,. 

' N 



) 2(1 S) h°°Ll II «2 ||l2 L oo ||n+ 3 || L? o L 2 ||«4|Lf ig° 

;^) 2 ( 1 -)||n +1 ||^iJ|n 2 || x0 ,iJ|n +3 || x o,iJI^4|l x o,^ 



< (f ) 2(1 " ) 7i v ^i-i^7 ^^ii^iii^-.iJi^iU^Ji^ii^iJi^ii^i. 



< N m l x N-^In + \\\_ al \\Iuf , (4.24) 

X, 2 A 2 



by Holder inequality, (|2T8j) and (|2T9|) . 

b iVi << JV, iV 2 > JV. 

Then, ~ 1 2ia I ~1, and 

' I mirri2 1 1 ni2 1 

W ^ ll re +1^2||z,2 J|n + 3M4|| L2 a; 

< N-l x N^+ s nin + \\\_^JIu\\l 1 ^ (4.25) 

x + 

cN!>N, N 2 « N. 
\ m&lM \ is also ~ 1. 



II' i$ II^+1^2||l 2 JI«+3W4||l 2 



< 1 , ||n +1 || :J|n 2 || xl ,iJ|n +3 || ^.ijl^ll^i. 



#1 < iV 2 > iV a \ N. 
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< iV- LiV -3 +2s+||/n+||2i _ ||/„||a (4.26) 

X, 2 A 2 



diVx, N 2 >N. 



17 



Tt exists | m (£ 1+ &) I < 1 < ( Ni)l-s ( N2)l-s f u 
ix exists | mim9 | ^ mima ^ (, J I at J i Tnus 



W < (^) 1 - S (^) 1 -ln +1 n 2 || L? J|n +3 . 4 || Lt 



< N-l x N- 4+2s+ \\In + f x ^Jluf^. (4.27) 



Case 2 iV ma;r ~ JV X ~ N 3 > TV. 
a N 2 , N 4 « N. 

Tn tliis rnsp I m ^+^2 I < I mi I -i j I m(g 3 +£4)-m 3 m 4 i < i m(g 3 +g 4 )-m.3 I < | Vm 3 £4 I < N 4 

in tms case, | mim2 | ^ | — | ~ i, ana | | ^ | — | ^ | mz \ ^ j^- 

Therefore, 

II' % II n +l u 2 1| LlJ n +3 u 4Ll x 

< f ^1- < N2 ^1-. < ^ > lh + ill xr ^ + ll^|l xl ,i + ||n +3 || xr hKII^h 

< TV-L^^II^+II 2 ,. ' u. (4.28) 



b TV 2 << TV, iV 4 > TV. 

So | m (£ 1+ &) I ^ 1 I m^z+^-m-inn i < i m(g 3 +g4) I ^ | m(gi+g 2 ) | < I m x i ^ | 1 | < /JV4U-8 an( J 
I m\m2 I ' I mzm^ I ~ I m 3 m4 I I m 3 m,4 I ~ I m 3 m4 I I 014 I ~ v AT / ' 

II' < (^) 1 - s ||n +1 n 2 || i? J|n +3 n 4 || Lt 

< ^^l-s < ^1 ll^^l 11^^ ^,^^ ll^ll^^,^^ M^^ ^^^ II^M^.^^ 

< TV-^-^ll^+H 2 ,. ' i + . (4.29) 
c iV 2 > N, N 4 « N. 

Then I m (^i+€2) I ^ I mfa+M 1 < 1 m 3 1 ^ 1 1 1 < (N 2 \l-s I m(g 3 +g4)-m 3 m 4 1 < A4 , 

I mim2 ' ' 11111712 ' ~ ' m\m,2 ' * 1712 I ~ v AT / 'I m 3 m4 I ~ A^ 3 ' 

II' < (f ^(f )\\n + iM Li J\n +3 u4 Llx 

< ^^y^ 

< TV-L^ 4+2s+ ll^ + H 2 1 _ s ,i + ll^l| 2 Yl ,i + - (4-30) 

x + 

d 7V 2 , iV 4 > N. 

dl At least one of 7V 2 and iV 4 ~ N\ ~ iV 3 , w.l.o.g we suppose -/V 2 ~ iVi ~ iV 3 . 
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Hence \ m ^ 1+ & I < I < ( 4)i-sfi)i-s anc i I Mi3+M-m 3 m A , < TO(g 3 +g 4 ) < 1 < 



AT ^ V AT 



( ^ ) 1- S( ^ ) 1- S) and 



17 ~ ( aT } ( aT } ( aT } ( aT } ^p^^p^ l|/n+ll xr^ + " 

1 o + 



d2 iV 2 , iV 4 << Ni ~ iV 3 . 

Then m ^ 1+ ^ < mi ~ -L < (A^U-s anc J I ™(&+&)~™3mA | < m(£3+£4) < m 3 ._. l < 



II' < ( N *)i-( N *)i- 1 1 1 1 Win II 2 ll/dl 2 
< TV-^iV-^+ll/n+f^.JI/ull^^. 



Case 3 N max ~N 2 ~N 3 >N. 
a TVi, iV 4 << N. 

| m(gi+g 2 ) i ^ "12 ^ i I m(g 3 +g4)-m3m4 i < A4 i 
I mim2 I ni2 ' I m 3 m4 ~ JV3' 

. iV 4 1 „ 

< iV^iV-^+ll/n+f^^ll/nll^^. (4.31) 

b A/i << N Na > iV | m( ^ 1+€2) | ~ m. ~ 1 | m fe+g4)-m 3 m4 | < I m(g3+g 4 ) I ^ i m(6+ft) | < 

1 ' 4 ~ ' I m\m2 ' rri2 ' 1 m3tn4 I ~ I m 3 m4 I I m3?rt4 I ~ 
< m 2 ^ J_ < (JV4U-S and 
m^rrn ~ ni3m4 014 ~ ^ W ' 

< JN^JV-^+ll/n+f^^ll/wH^^. (4.32) 
c iVi > N, N 4 « AT. 

I ra^gl+gg) I ^ < m 3 < J_ < (JViU-s anc j I m(t :i +i A )-m 3 m A 1 < 1 Vm 3 |g 4 | 1 < 7V4 

mira2 I I mim,2 ' ~ mim2 ~ mi ~ ' ]V ' 1 m 3 m4 I ~ I m 3 I ~ AT 3 " 
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Then 



II < (^) ^||n + i« 2 || L|i J|n + 3«4||^ s 



< 



( Ni,i- s N 4 1 

ijf) w 3 Ni-°N 2 Nt s < at 4 > ||n+i|| xr s - +l|U2ll ^ i - +l|n+3ll xr s - +l|U4ll ^ i - H 



< iV^ s iV- 4+2a+ ||/n + || 2 1 _, > i + ||/«|^ li i + . (4.33) 

x + 

diVi, iV 4 >iV. 

i m(gi+g 2 ) I < (N 1 \l-s(N 2 \l-s I m(g 3 +g4)-m 3 m4 | < fAfcU-sf N4 \l-s arir ] 
I mim2 I ~ V AT ) \ N I 'I m 3 ra 4 1 ~ V N > V AT / ' auu 

^ (^)'-(^)-(§)'-(§)-||" +1 , 2 || i? ,J|. W |l lL 

< (^) (^) (^) (^) A ,i- iV2 ^i- Ar Jl n + 1 ll4-^ + ll U2 llx^ + ll n + 3 ll4-^ + ll U4 llx^ + 

< A^Ar 4 + 2 *+||/ n+ f ^ijluf^. (4.34) 

Case 4 iV ma;E ~ iVi ~ N 4 > N. 
a N 2 , N 3 « N. 

< mi ._. 1 j I m(g3+€ 4 )-m 3 m 4 1 < iVm^i < A/3 
mim2 I ~ mi ' I m 3 m 4 I ~ I m 4 I ~ A/4 " 

Thus 

U ' ~ ^H n + lU2 ll^,J |n+3U4|li L 

< f ^ < ^ ^ ^ >x _. ^JI" + ill xr ..i + ll«2|| Jf , i+ ||n +3 || jcr . i+ ||«4|l xl , i + 

< iV^JV-^'+ll/n+f,. i + ||/«|| 2 i + . (4.35) 

b iV 2 « iV, iV 3 > N. 

| m(gi+g 2 ) i ^ 1 I mfe+^)-m 3 m 4 1 < m(g 3 +g 4 ) ^ m.(gi+6) < mi ^ J_ < (AgU-s 1 
I m\mi I ' I m 3 m 4 I ~ m 3 m 4 m^m^ ~ m3m 4 m,3 ^ \ N > ' 

^ £ (^) s |Km 2 || it2 J|n + 3U4|| L ^ 

< ^) 1 ~" N l-s <N2> ^-^JI- + lll xr 4 + ll^llx^ + ll n + 3 ll4-^ + ll n4 llxa + 

< TV-^iV-^+H/n+f^iJI/uH^^. (4.36) 
c N 2 > N, N 3 « N. 

I "*(&+&) I ^ mfo+gj) < m 4 ^ J_ < /A/2\l-s I m(g 3 +g-4)-m 3 m 4 1 < Afg 
mira2 I m\m2 ~ m\mi mi ~ \ AT ' 'I m3m 4 I ~ A/4 " 
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Then 



II' < (^) 1 -^||n +1 n 2 || L? J|n + 3. 4 || i , s 



N 2l _ s N 3 1 



< ^J\T 4 + !ta +||/n + || 2 1 _. i i + ||J«|| 2 .i + - ( 4 - 37 ) 



d iV 2 , iV 3 > TV. 

The same as Case 3(d). 

Case 5 N max ~N 2 ~N 4 >N. 

a TVi, N 3 « N. 

m\m,2 I ~ m3m4 I ~ W4 ' 



//' < ^||n + in 2 || L 2j|n + 3U4|| L 2 s 



iV 3 1 

S iVl < N[ >i- iV 2 < _/y 3 >i- JV Jl n +ill^-..iJl u 2ll^.i + ll n +3ll x i-..i + ll u *ll x i.i + 

< ^!^- 3+s+ ||/n + ||\_ , + ||7«|| 2 (4.38) 

b TVi << TV, 7V 3 > TV. 

I ra(gi+&2) I < j I m((, 3 +£, 4 )-m 3 m 4 1 < m(g 3 +g4) ^ < r»2 ^ J_ < AU-s an( j 

I m\m,2 I ~ m3?rt4 I ~ m3?rt4 mzm 4 ~ m3»ri4 m 3 ~ V AT / ' 

//' < (^) 1 - s ||n +1 n 2 || L? J|n +3 n 4 || Lt 
TV 1 

< TV-L^-^+ll/n+f^.JI/nH^^. (4.39) 
c iVi > TV, 7V 3 « TV. 

^ m(g 3 +g 4 ) < rrt 4 ^ J_ < (JVi-vl-s 1 m(g 3 +g 4 )-m 3 m 4 1 < 7V3 anc j 
mim2 I m\m2 ~ mim2 mi ~ v AT ' 'I m3tn4 I ~ A/4 ' 



ATi 1 N 3 1 

< (^) 5 Wa n i-. N2 < ^ >1 _, - ||n + i|| xr i + + ||n +3 || xr , i + ||u 4 || xl ,i + 

< N-l x N-^ s +\\In + \\\_ sh+ \\Iut ' i + . (4.40) 
d iVi, /V 3 > TV. 
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The same as Case 2(d). 



□ 



Finally, let's consider III. 



Lemma 4.4. 



Ill' < N-^5^\\In + \\ xl _ s+ ^ + \\Iuf xl:i+ . (4.41) 



Proof. With the same notations and argument as before, to prove this lemma, we just need the 
following estimate: 

m , = Ni fjfJ^A^^ < N-^-^^JI^. (4.42) 

If both N 2 and N 3 « N, l.h.s would be zero, and the inequality holds. 

On the other hand, w.l.o.g we assume N3 ^ N 2 . 

So let's suppose N 2 > N. Since & = 0, Aq < N 2 . 

Now, we'll discuss in two subcases. 

Case 1 N 2 > N » N 3 . 

As V 3 ,6 = 0, then N x ~ iV 2j and I „ | ™(fe-Ka)-™2 , < iV^l < 

A^?,=i si ) 1 ^1 1 m,2m3 I I m,2 1 ~ 1 mi 1 ~ N2 



N 3 

HI ' ~ iVi^l|n + i|| L 2j|n 2 n 3 || L 2 

< at ^11 11 r^M 

< ^i^l|n+i||^(^) 2 h2|l x o4 + lk3|l x o4 + 

N 3 .N 3 .i 1 1 1 i 

~ ^W^^o^** KiL i -.oKll^i + ll« 8 || jrl ,i + 

< ^iiV-^+^-ll/n+I^^^JI/nll^^, (4.43) 



t.JC 



by Holder inequality, {22} and (I2TTUD . 
Case 2 iV 2 > A3 > A. 
Subcase a A x ~ A 2 ^ A 3 > A. 
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I m(6+g3)-"i2"i 3 I < m(g 2 +g3) ^ mi ^ J_ < (N 3 \l-s - t j len 
m,2"m:j ' ~ m2?ri3 mjm3 rrt3 ~ V JV ' ' 

< iVl(f ) 1 -in +1 || x o,o(f )^l|n 2 || x0 ,, + ||n 3 || x0 ,, + 

iV31_JV3.1l 1 1 i_ 
~ iVl( ^V ) S( iV_ ) 'j^pJV_iV3 <5 " l|n + i|| xr ,oh 2 || xl ,i + |P3|l xl ,iH 

< JV-LiV- 2+s +^-||7n + ||^_ s ,i + ||/u||^ a+; 

with the same reason as case 1. 

Subcase b JV 2 > JV 3 > JV, JV 2 » JVi. 

So JV 2 ~ JV 3 and I ™te+g3)-m 2 m 3 , < < __i ^ < (^)2(l-*). 

< JVxC^fMUn+all^JI^II^ 



, JV 2 <A ,JV 3 v 1 1 111 



N J JV 2 < JVx >i- JV 2 JV 3 'i'^'ix r -ii^ii x i,i + ii^ii x i 

x l-._+ll /u l£l_+- 



< N m l x N- 2+s+2 ^\\In + \\ ^ijluf x 



Now, combing the results of three lemmas above, we can get Proposition 14.11 easily. 



5 Proof of Theorem 11.11 

Let 

E u (t) = sup \\I N < A> u(t)\\ L 2, 
E n+ (f)= sup \\I N < A y 1 - 8 n+(r)|| L 2 
E_(t) = sup ||/jv«(r)|| , i + , 
En+(t)= sup ||/jvn+(r)|| i i + 

and 

A(i) = sup || < A > s u{t)\\ L 2 
First of all, we'll prove the following proposition. 
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Proposition 5.1. With the condition of Theorem ] 1.1\ for 1 > s > -jS, VT < T* < oo and cZose to 
T* enough, 

\H(T)\ = \H(Iu(T),In + (T))\ < A*M (5.6) 

10+34e 

w/iere iV ~ A(T) 7s - 6 -( 35 - 34s ) £ , e smaW enou^/i smc/i that < e < and < 2. 



Proof. From Proposition 14.11 and the condition of Theorem 11.11 there exists 

\H(S)-H(0)\ < N- 2+s +5 0+ \\In + \\ „i + ||J«|| 2 . i + +^ 2+S+ ll^+H 2 x_. i + 



< iV- 2+S+ ||/n + f r ^ + ||/n||^^ + , (5.7) 

since \\In+\\ !_ Si i + + [|7u[| A . li i + > ||/n+|| H i- s + -> oo for t -> T*. 

x + 

On the other hand, by Proposition ^, 11 we choose <5 _1 ~ £ u (T) 2+17e +(sup ^ T <g T \\in + ( T )\\ H i — ) 2+17e - 
As from (|3.14p . it has ||7ra + (i)||^i- s ^ c > 0, as t — ► T* . w.l.o.g we suppose ||7n + (i)|| ^ c 
for ^ t < T* , otherwise, we just need to calculate from H(t*) for some t* < T* . Thus 
d^ 1 < £ rt+ (T) 2+17e + X U (T) 2 ( 2+17<: ), and the number of iteration steps to reach the given time 
T is | < T(£ n+ (T) 2 +^ + £ n (T) 2 ( 2 + 17 ^). 

Combining these estimates with (|5.7p . the whole increment of energy is 

t(£„ + (t) 2+17s + s u (r) 2 ( 2 + 17e ))^- 2 + s + e s n+ (r) 2 s„(r) 2 

< iY- 2 +^(S n+ (r) 4 + 17e S u (T) 2 + £ n+ (T) 2 £„(T) 6+34t ). (5.8) 

Then, from ([3T6]) for T <T*, 

||(7n + )||^ 1 _ Si i + < c\\In +0 \\ H i- s + C rl- 4e ||/n||^i + . (5.9) 

Hence, 

S n+ (T) < JV 1 -*||n +0 || ia + S U (T) 2 < N 1 - 3 + £ n (T) 2 , (5.10) 
then put it into (|5.8|) . and by the relationship (|3.2|) . then 

dSSD < Ar-2+ s + e(iV (4+i7e)(i-,)s u (r) 2 + s u (r) 10+34e + iv 2 ( 1- ^s u (r) 6+34e + s u (r) 10+34e ) 

< A r-2+s+ e(Ar (4+17e)(l^s) Su(T) 2 + ^2(1-^)^^6+34^ + VJ u ( T )10+34 e) 

< i\r~ 2+s+e (JV (:4+17e ^ 1 ~ a) JV 2 ( 1 ~ s )A(r) 2 + iV 2 ( 1_s )iV( 6+34e )( 1_s )A(r) 6+34e + n 10 ^ 4 ^ 1 '^ A(T) 10+Ue ) 

< jy4-5s+(18-17s)e^j.\2 + 2y6-7s+(35-34s)e w j.\6+34e + 2y-8-9s+(35-34s)e wj.\10+34e ^ ^-q 
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On the other hand, 



\H(0)\ = \H(Iu ,In 



+o)\ = 





1 1 T~~7 T 


i2 

\l* 


+ 


2ll /n +oll! 2 " 


2 ^ +0 4 


< 


||VIu 


Ix 2 


+ 


\\In+o 


|2 , 

Ix 2 + 


[|Jn+o||x2||i'«o||i4 


< 


||VJu 


|2 
\L 2 


+ 


\\ In +o 


|2 , 
li 2 + 


11*10 lli* 


< 


||VJ«o 


|2 
Ii2 


+ 


\\ In +0 


|2 , 


||/«o Ilia || VJ«o Ilia 


< 


\\VIu 


li 2 


+ 


\\ In +0 


|2 , 
\L 2 + 


ll«o||i 2 ||V/«o||i2 


< 


\\VIu 


|2 

II-' 


+ 


\\ In +0 


|2 , 

Ix 2 + 


HV/uollia 


< 


\\VIu 


|2 
li 2 


+ 


\\ In +0 


|2 

II 2 





< 



iv 2(1 - s) IKII^ + IKolli 2 <iv 2(1 - s) , 



(5.12) 



Hence, 



|#(t)| ^ |fr(o)| + |fr(T)-r(o)| 

< jy-2(i-s) + jv 4_5s+ ( 18_17s ) e A(T) 2 + 7V 6_7s+ ( 35_34s ) e A(T) 6+34e 

_|_jy8-9s+(35-34s)e^/ji\10+34e 



(5.13) 



10+34e 



Then, choose iV = A 7s - 6 -(35-34 S ) e ; so that ^ e fi rs t an( j f our th terms in (|5.13p give comparable 
contributions. A calculation reveals that the second and third terms in (|5,13p produces a smaller 
correction. Thus 



p(s) = 2(1 -s) 



10 + 34e 16 , 17s -16 

; — < 2 s > — and < e < . 

7s - 6 - (35 - 34s)e 17 69 - 68s 



(5.14) 
□ 



Now we turn to prove Theorem II .li 

Proof. Let {t k }'^ =1 be a sequence such that t k T T* as k — > oo, and for each t k , 

\\u(t k )\\ H s =A{t k ). 

By the result of Corollary 13.51 that — > oo, it's achievable. 

Denote u k = u(t k ), and Iu k = 1 n (t k ) u (tk) , with N(t k ) taken as in Proposition 15.11 
Then, let X k = ||i«fc||//i ^ A(ifc). Do the scaling as follows: 

u k = X^Iu^xX^ 1 ) 
h k = X^ 2 In(t k ,xX^ 1 ), 



(5.15) 
(5.16) 
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and by direct calculations, we have 

WukWtf = ll-^ifclU 2 < IWU 2 = IKIUa, (5-17) 
||V%|| L2 ^ 1, (5.18) 



and 



lim ||ufc||x,2 = 1, (5.19) 

k— >oo 



lim ||V%|| i2 = 1 (5.20) 



since N{t^) — * oo for t — > T* by Proposition 15.11 

Thus, {uk}^Li is a bounded sequence in H 1 and has a weakly convergent subsequence, which 
we still denote as {u k }, and u G H , such that 

u n — u in ff . (5-21) 

Then, as it is radial, then by Radial Compactness Lemma, it exists 

u k — > u in L 4 . (5.22) 

On the other hand, let 

E(Iu) = \\VIu(t)\\l 2 -^\\I U (t)\\U (5-23) 



and 



H^IuJn) = \\VIu{t)\\\ 2 + ^\\In\\ 2 L2 + J In\Iu\ 2 = E(Iu) + i J (In + |/u| 2 ) 2 . (5.24) 



Hence 



H(t) = Hi (Iu, In) + i||/«||ia. (5.25) 



Combing all the above estimates together, we have 

E(u k ) = \- k 2 E{Iu k ) 

^ X^ 2 H\(Iu k , In k ) 

< \ k 2 H(Iu k ,In k ) 

^ c\fA p ^(t k ) 

^ cAf)- 2 ^0, 

as k — > oo, by Proposition 15.11 and the definition of t k . 
Thus, 



limsup£7(« fe ) < 0, (5.26) 

k-^oo 
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and 



Therefore, 



and 



limsup-ffi(%, hk) ^ 0. (5-27) 

fc^OO 



liminf \\u k \\ L 4 = 21iminf ||Vtt fe ||| 2 - 2E(u k ) ^ 2, (5.28) 

fc^oo k^oo 

^ limsupFi(-u fe ,n fc ) ^ ^limsup( f (n k + |u fc | 2 ) 2 ~ HufeU^), (5.29) 



or in other words, 



1 f 11 

^ limsupi?i(tt fc ,n fc ) ^ limsup(-||n fc || 2 2 + / n fc |u fc | 2 ) ^ limsup(-||n fc || 2 2 - tINI^ - HufclllO, 

k^oo k— >oo " J k—>oo * 



i.e. 



limsup ||njfe[|ia ^ 4 liminf ||ujfe||x,4 ^ c, (5.30) 



by sobolev embedding theory, (|5.17p and (|5.18p . 
Claim 5.2. V R > 0, 



and 



bminf ||/M fc || L 2 {jB(0>jR)) ^ ||Q|| i2 (5.31) 



liminf ||/n fc || L i(B(o,m) ^ m n , (5.32) 



where m n > depending on the initial data. 

Proof. If the claim doesn't exist, then there is a subsequence of {t k }, (still denote it as {t k }), such 
that 

limsup/ |/u fc | 2 sC ||Q||| 2 - S , (5.33) 

k^oo J\x\<Rq 

or 

limsup / |7n fc | = 0, (5.34) 

fc-+oo J\x\<Ro 

for some Ro > 0, and 5q > 0. 
Then by scaling, \/R > 0, 

limsup/ |u fc | 2 < ||Q|| 2 2 -<J , (5.35) 

fc^oo J\x\<R 

or 

limsup / \n k \ = 0, (5.36) 

fc^oo J\x\<R 

as Afc — ► oo for k — > oo. 
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From (15321 and (ET2g|l . there exists 

||u||£ 4 > 2. (5.37) 

And also by (|5.2ip and (|5.35p . we have 



\u\ 2 



<liminf/ |u fc | 2 < ||Q||| 2 

fc ^°° J\x\<R 



>\x\<R J\x\<R 

for any R > 0. Hence by letting i? — » 00, 

Wra < HQllia - (5-38) 

On the other hand, from (|5.30|) . we can see that {fife} is bounded in L 2 , hence there is h, such 
that 

hk — n £ 2 . (5.39) 

From (15391) and (15T36D 

/ \n\^cBJ{\ |n| 2 )5 ^ c i?5 liminf( / |n fc | 2 )5 = 0. 

J|x|<i? J|x|<R fe ^°° J|a:|<_R 

i.e. 

n = 0, o.e. (5.40) 

by letting R — > 00. 
Therefore, 

Hfillia < HQIlia-^O 0^ T» = 0. (5.41) 



IX 2 ^ H^IlL 2 

Furthermore, since tt? — > u 2 and n& — n in L 2 we have 



%|%| - ► / n\u\ , as fc —* 00. (5-42) 



Therefore, 



Hi(u,n) = ||Vn|| 2 :2 +i||n|| 2 2 + / n|u| 2 < liminf(||Vu fc || 2 : 2+^||n fc || 2 2+ / n fc |u fc | 2 ) = liminf ra fc ) < 0, 

z J k^oo A J k^oo 

(5.43) 

or equivalently, 

E(u) + 1 /" (n + |£| 2 ) 2 < 0. (5.44) 



Casel If ||n|| 2 2 < ||Q|| 2 2 - 5 . 
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Then, by (|5.44p and sharp Gagliardo-Nirenberg (|2.13p . we have 



^ E(u) = \\Vu\\ 2 L 2 - -\\u\\ii 



L 2 



IIQII 

_J2_iir.-.n2 
IIQII 



2-||Vfi||2a. (5.45) 
L 2 



Because of (|5.37p . ||Vu||? 2 7^ 0, which is a contradiction. 
Case 2 If n = 0. 
Then 

> Hxiu^n) = ||V«||^a, (5.46) 
which is also a contradiction. □ 

With Claim 15.21 we can get the result of the Theorem quickly. 
That is, 

||Q|| i2 < liminf \\Iu k \\ L 2, B r o R)) ^ liminf \\u k \\ L 2mr o R)) ^ lim sup \\u(t) \\m B (q ,R))> ( 5 - 47 ) 

fe— >oo fe— >oo i— >T* 

and 

m n ^ liminf \\In k \\&(B(o,R)) < liminf ||nfc||£i(B(o,fl)) ^ limsup \\n(t)\\ L i (Bi0 R) y (5.48) 
fe— »oo fe— >oo t— »t* 

□ 
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